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Abstract Two kinds of random functions are studied. It is proved that they have no deficient function almost

surely .
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An interesting result in the theory of random functions is that random functions have no deficient
values almost surely (a.s.). Because of some difficulties, there are only few discussions on small
functions. In this paper, the authors concisely prove that two kinds of random functions have no defi-
cient small functions a.s. The terminologies and notations are the same as in ref. [y, except those

particularly explained.

Theorem 112!, Suppose that f(z) and ¢,(z) (v=1,2,-**,q) are meromorphic functions on

the open plane , ¢,(z) are distinct functions to each other, and

T(T,%) = O{T(T,f)},

then
fg-1-0o()IT(r,f)
q l o
< ZN(r,f—_?) + gN(r f) + S(r,f),
where

SCrof) = oflglrT(r, M)},

except possibly some exceptional intervals of which the whole measure is finite .

Explanation. If f(z) is not a constant, we may take {r,}—> , such that

S(rmaf>

C

* Project supported by the National Natural Science Foundation of China ( Grant No. 19971029) and by the Natural Science
Foundation of Guangdong Province (Grant No. 990444) .



178 PROGRESS IN NATURAL SCIENCE Vol. 10

Theorem 2.  Suppose f(z), ¢(z) are non-constant analytic functions in {z| < ® and T(r,
@) =0{T(r,f)l. Let X(w) be a continuous complex random variable on probability space (2 ,.4,
P). Then random function

F (z) = f(z) + X(w)o(2)

has no deficient function a.s. with the following meaning ,

P{w; in{_ N(”Fw(z—)l—m)]< 1}: 0,

Lim T(r,F)

where take infimum for all complex numbers and all entire functions which satisfy T(r,h) = o{ T(r,

@)t
Proof.  First we suppose that there are at most n distinct functions F, (z) that have deficient

functions of which deficiency are greater than —,1? in 2. Otherwise we have
Fi = f(2) + bjo(z) j=1,2,"",n+1, (1)

where b; are different from each other, thus F; are different also. Each F have at least one deficient

function
a(z); T(rya;) = oiT(r,@)l (j = 1,2, ,n+ 1)

.. . 1 .
whose deficiency is greater than o Lee.

1 - lim

T (L FY T ne

Let ¢;(z) = a;(z) - b;(z). By (1), ¢;(z) are different from each other. By Theorem 1, we have

n+l

ln+1-1+0()IT(r,f) < ZN(”f_l

goj)+ SCrf)

n+l

=2N(r,FJ_ 1 aj)+ S(r,f).

j=1

By the above explanation, we take {r,, | —> % and divide the above inequality by T(r,,, f). Then let

m— e and we have

n<(n+1)(1——):

=

This is a contradiction. Thus F,(z) that have deficient functions are at most countable in (2. Since
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F,(z) = F, (2)eX(w;) = X(w,),
the elements are also at most countable in the set
E = {X(w) € C; F,(z) have deficient functions/| .
Because X(w) is a continuous complex random variable, we have
Plw € Q; X(w) € E} = 0.

Theorem 2 is proved.

Suppose that | (Q;, A4, P) | is an infinite sequence of probability space, and (2 = H.Qj ,

j=0

A = H’gj’ P = HPJ-) a product probability space. Let X (w) = (Xo(wq), X;(wy), ",
j=0 i=0

Xj(cuj),“') be a Rademacher random variable in the space = H‘Qj’ where the sequence
j=0

{ Xj(cuj) ! being independent and equally distributed satisfies Pj(cuj; Xj(cuj) =1) = Pj(wj; Xj(a)j)
=-1)= IR Let complex number sequence | bj} satisfies
1—ir_n nlnn

lim =57 = p € (0,=).

Then
fu(2) = 2 X (w0,) b2 (2)
n=0
is a random function in Q. Eq. (2) defines an entire function'>*! of order o for w = (wg,w;,wy,
)€ a.s.
Let

N . T—_ nlnn }
¥ip) = {‘[’ = nz::lﬁ"z PhimTy g <
be a set of small functions, i.e. ¥(p) is a set of all complex constanis and all entire functions with

order smaller than p.

Theorem 3.  The random series (2) has no small deficient function a.s. in product probabili-
ty space (2, A4,P), i.e.

Mzl

P . Y o = 0 oS,
{w; in 1112—7,(—”],‘")—, ¢ € ‘F(p)) < 1} a.s
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Proof. For any 06(0,-‘2) , any A>0, let

3
¥(p - 30, A)
={¢ =8¢ ‘I’(,o—30);_—1i%<9—20vn>ﬁ}- (3)

Take a sufficiently large positive integer p and let

E = E(p, A, 6) = {w; £,(3) has deficient functions ¢ € ¥(p - 30, A)
of which deficiency is greater than %} .

Since

Cs

{ws f,(z) has deficient functions} = UOA 1 QlE(p, A,0)CQO,

we need only to prove P(E(p,A, 0)) < ¢ for any € >0.

Take a monotonously increasing sequence {n(¢)} ., n(1) > A of positive integers, such that

n()nn(t)

S byl TP TS (4)

We suppose that X, (w,) = + | hold everywhere in {2, otherwise delete a set of zero measures. Get

€
log N
p+1 . (L)
N > _logz,l.e.(p+1) y) <«
For any o" = (@ w)s1s ©n(nezs ) € Q' = Il Q;, there are at most p + 1 finite se-

J=nr(N)+1
quenes that consist of 1 and -1

A"(k;w") = ((l”,,(])(k) = =+ 1, a"nm(k) == 1,"',(1"”(}\/)(15) = =+ 1)

E=1,2,u;u=ule")<p+l, (5)

and there are corresponding sequences
A (ksw’) = ta'j (k) =1} k=1,2,-,u,
]' cEM-= {0,1,2,-.., n(N)} - in(]), n(2), ,n(N)},

where j takes all over set M of non-negative integers that not greater than n( N) except {n(t)}Y,.
Such that the corresponding u distinet functions

© n(N)

fi = Z X (w,)ba" + Za””(,)(k)bn<,)z"“) + 2 ‘o' (k)bz",

n=n(N)+l1 nEM

E=1,2,,u
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have deficient functions ¢y = Z B.(k)z" € ¥(p -305, A) whose deficiencies are greater than %
n=0

’
respectively,, where 2 sums only the index n of non-negative integer that is not greater than n( V)

except {n(t)}Y . Otherwise f = (Z X, (w,)b,z" has at least p + 2 distinct deficient functions
n=na{N)+l
. n{N) ,
G b= 2@ () by - D) (Kb, (k= 1,2,,p +2).
t=1 nEM

By eq. (5), for any i,j€ {1,2,,p+21, A(i50") 2 A"(j; @"), there is v€ {n(1), n(2),
«+,n(N)}, such that ", (i) a",(j). By la",(i)I =1a",(j)1 =1 and eqs. (3) and (4), we

know that ¢ 7 ¢;(ij) and their deficiencies are greater than % This contradicts Theorem 1.
(M) n(N)
Let the product space ) = H.Qj, P = HP;‘- Note
J=1 J=1
Cl), = (wo, (Dl,(l)z,"',(l)n(N)) 6 QI)
D, = D(a") = (o' Xyp(way) = @"un(k), 1 = 1,0, N,
D = D(&") =kL=Jle(w").

By independence, for any w” € (2", we have

u u a(W)
P(D) =2, P (D) = 2] | Pi(X(e)) = a";(k))

u NA
= ZHan(Xnm(wnm) = a", (k)

k=1 =1
1 N (i)N
=u(2) s(p+1)2 . (6)
From the above, if w = (wg, w,swy,*) = (@' ,0")EE=E(p,A,0)C 2, we have

w = (wo’wl’wZv.”9wn(N)) 6 D = D(CU”)- (7)

By Fubini-Levl Theorem!®! and eqs . (6) and (7), we have

-

P(E) = E(15) = lim | [| 16Py(deo) Py (dany) - Py (dy)

= linl'[”'J‘Pn(N)+l(dwn(N)+l).“Pm(dwm)J...lePO(dwO)..'Pn(N)(dwn(N))

m—®

<lim] | Py 1ty P (deng) [+ [ 1P (darg) = Py (o)

m—®
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1 N
slim["'[(p + 1)(5) Pn(N)+1(dwn(N)+1)“'Pm(dwm) < €.

m—> ®

The theorem is proved.
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